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SOME INTEGRALITY PROPERTIES IN LOCAL MIRROR 

SYMMETRY 

JIAN ZHOU 



(3JT)' Abstract. We prove some integrality properties of the open-closed mirror 

r ^ ' maps, inverse open-closed mirror maps and mirror curves of some local Calabi- 

Yau geometries. 



1. Introduction 



In this paper we will establish some integrality properties of some geometric 
objects in the study of local mirror symmetry, such as local open-closed mirror map, 
C^ , its inverse map and the equation of the mirror curve. Mirror symmetry of Calabi- 

'ti ' Yau 3-folds relates two kinds of moduli spaces. Given a compact Calabi-Yau 3-folds 

M , one can consider some special coordinates on its complexified Kahlar moduli 
space and some special coordinates on the moduli space of complex structures 
on its mirror manifold W. The mirror map is a map between these two moduli 
spaces relating the relevant special coordinates. It can be given by solutions of 
J^ . some Picard-Fuchs equations. An amazing property of the mirror map is that its 

_j_ ' Taylor coefficients are rational integers. (A close analogy is that modular functions 

^\) . or modular forms on the moduli space of elliptic curves often have integral Fourier 

C*~) ' coefficients.) This was first established by Lian and Yau [TT] for some hypersurfaces 

w-v , in projective spaces using Dwork's Lemma, Dwork's theory of p-adic hypergeometric 

series, and p-adic Gamma function. Their method has been used by other authors to 
establish Lian- Yau integrality in more general cases, see Zudilin [14|, Krattenthaler- 
Rivoal 018] and Delaygue [f]. 

Local mirror symmetry [3] is the extension of the mirror symmetry to the case 
of some open Calabi-Yau 3-folds. In this case the Picard-Fuchs equations have the 
constant function 1 as a trivial solution. It follows that the local mirror map takes 
C3 ' a much simpler form than in the case of closed Calabi-Yau 3-folds. One can also 

consider the open-closed mirror maps of some noncompact Calabi-Yau 3-folds by 
extending the Picard-Fuchs system [10] . It turns out that the integrality of the 
local open-closed mirror maps can be reduced to the congruence properties of the 
multinomial coefficients by Dwork's Lemma. In this paper we will verify directly 
the integrality properties of these multinomial numbers. The integrality of the 
inverse local open-closed mirror maps follows easily from the integrality of the local 
open-closed mirror maps. 

In a separate paper [15] , we will make some observations on the integrality prop- 
erties of the open-closed mirror maps in the case of compact Calabi-Yau manifolds. 
One can also obtain from the extended Picard-Fuch system corresponds the 
supcrpotcntial which encodes the disc invariants. According to the conjecture [21 H] 
disc invariants determines the mirror curve of the local Calabi-Yau geometry. We 
will show that in the case of disc invariants with an outer brane, the equation for 
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the mirror curve has some integrality property. In the case of an inner brane, one 
will verify the integrality property of a related map, whose geometric meaning will 
be clarified in a forthcoming work |16j . 

The rest of this paper is arranged as follows. In Section 2 we prove some in- 
equalities related to p-adic expressions of numbers. They are used to establish some 
congruence properties of some multinomial numbers in Section 3, which are applied 
in Section 4 to prove the integrality of some power series by Dwork's Lemma. In 
Section 5 and Section 6 we apply these integrality properties to the study of local 
mirror symmetry of some open Calabi-Yau n- folds. 

Acknowledgements. This research is partly supported by NSFC grants (10425101 
and 10631050) and a 973 project grant NKBRPC (2006cB805905). The author 
thanks Professor Christian Krattenthaler for bringing [5] and [4] to his attentions. 
He also thanks Hanxiong Zhang and Yinhua Ai for communicating to him the 
proofs of Proposition 13. 141 and Proposition 13. 151 respectively. 

2. Some Inequalities for p-Adic Expressions 

Let p be a prime. Given a positive rational integer n = a + a\p + • • • + a s p s , 
< do,. . . ,a s <p, define 

(1) S p (n) — a + a\ + • • • + a s . 

Let < i < s be the smallest number such that <Zj ^ 0, define 

(2) ordp(n) = i. 
It is clear that 

(3) S p (p r n) = S p (n), ord p (p r n) = ord p (n) + r. 

For a rational number | S Q, set ordp(f) = ord p (a) — ord p (&). Then f € Z p iff 
ord p (f ) > 0. 

The following is well-known and will be used repeatedly below [B]: 

4 ord p (n!) = !L —. 

P- 1 

Applying this formula to n ~ p r a and n/p, where r > 1 and a is a rational integer, 
one gets: 

(5) ° rdp( (^^)T )=P a - 

Furthermore, it is not hard to see that 

(6) P ~ pr ~ la i^^ { n >r ( mod ^)- 

y '' l<j<p r 

(p,n) = l 

A well-known fact is that [BJ: 

{—1 (mod p r ), when p is odd, 
— 1 (mod p r ), when p = 2 and r = 2, 
1 (mod p r ), when p = 2 and r ^ 2. 

We will not use this fact below. 
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Lemma 2.1. For a positive rational integer n, the following inequality holds: 

(8) n - S p {ri) > (p - 1) ordp(n). 

Proof. Write n = a r p r + • + a s p s , r < s, < a r , . . . , a s < p, a r > 0. Then we have 

n — S p (n) = a r (p r — 1) H — \-a s (p s — 1) 

= (p - l)[a P (p r - 1 + • • • + 1) + • • • + asip 8 - 1 + ■ • • + 1)] 
> a r (p — l)r > (p — l)r = (p — 1) ord p (n). 

a 

2.1. Additive inequalities. 

Lemma 2.2. For positive integers a and b, the following inequality holds for all 
prime p: 

(9) S p (a) + S p (b) > S p (a + b) + (p- 1) • (ord p (a + b) - min{ord p (a),ord p (6)}). 

Proof. Without loss of generality, assume ord p (b) > ord p (a) = 0. Write a = oq + 

aip + a 2 p + • • • + a k p k , b = b + bip + • • • + b k p k , and a + b = c r p r + c r+1 p r+1 + 
• • • + Ck+\p k+1 ■ When r = 0, because 

(a + a lP -\ h a k p k ) + {b Q + b lP + h b k p k ) = c + c lP -\ h c k+1 p k+ \ 

it is easy to see that 

(a H h a fc ) + (b H h 6fe) > c H h c fc+ i. 

Now suppose that r > 0, from 

(10) (a +aip+- • ■+a k p k ) + {b +b 1 p+- ■ -+b k p k ) = c r p r +c r+1 p r+1 + - ■ -+c k+1 p k+1 , 
we see that 

(11) bo =p— ao,bi =p— oi — 1, ... , & r -i = p— a r _i — l,c r = a r + 6 r + l (mod p). 

Therefore, 

fc fc+i 

^(a) + Sp(b) = r(p - 1) + 1 + ^(a, + &*) > r(p - 1) + ^ q. 

z— r i— r 

a 

By induction one can also prove the following: 

Lemma 2.3. For positive integers ax, ... , a n , the following inequality holds for all 
prime p: 

n n n 

(12) ^ S p (a l ) > S P (^T a t ) + (p-l)-(ordp(y^ a l )-min{ord p (ai), . . . , ord p (a„)}). 

i— 1 i— 1 i— 1 
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2.2. Multiplicative inequalities. 

Lemma 2.4. The following inequality holds for any positive integers m, n and any 
prime p: 

(13) S p (mn) < S p (m) ■ S p (n). 

Proof. Write m = bo + bip+ ■ ■ ■ + b t p t 1 n = a^ +dip- ■ - + a s p s , where < bo, ■ ■ • , bt, 
oq, . . . , a s < p. It is easy to see that for any positive integers a, 6, 

(14) S p (a + b)<S p (a) + S p (b), 
and when a, b are positive integers smaller than p, 

(15) S p (ab) < ab. 
Therefore, we have 

S p (mn) = S P (J2( 5Z a * b j)P k ) < Yl Yl s p( a * b j) 

k. i-\-j=k k i-\-j — k 

< Y Y a% ' h i = s p( m ) ■ S p (n). 

k ?+j— k 

D 

Corollary 2.1. The following inequality holds for any positive integers m, n and 
any prime p: 

(16) mS p (n) — S p (mn) + S p (m) — m > (to — S p (m)) ■ (S p (n) — 1). 
In particular, when S p (n) > 1, i.e., n ^ p r for some r > 0, 

(17) mSp(n) — S p (mn) + S p (m) — to > to — S p (m). 

Proof. Because we have m > S p (m) and S p (n) > 1, by the inequality (|13l) we have 

mSp(n) — S p (mn) + S p (m) — to 
> mSp(n) — S p (m) ■ S p (n) + S p (m) — to 
= (m-S p (m))-(S p (n)-l). 

Then the above equalities are obvious. □ 

3. Congruence Properties of Some Multinomial Numbers 

We will use the inequalities obtained in last section to derive some congruence 
properties of some multinomial numbers. 



3.1. Congruence properties of ( i" 1 



fcH hA;„ 



,k„ )' 



Proposition 3.1. For rational integers k\, . . . , k n > such that X)i=i ^ > ; and 
(p, fci, . . . , k n ) = 1, we have 

L-ii=\ Ki \kl , ■ ■ ■ , k n J 
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Proof. Because (p, ki, ■ ■ . , k n ) = 1, not all fcj's are divisible by p, therefore, 

min{ord p (fci),. . . ,ord p (/c„)} = 0. 
So we have 

„,, ■ ^MU,,/ i SUM 



"VE:'=,t.u-. w; "Veiu*. muw 

n n n 

ordp((£ fc,)!) - ^ ord p (fc 4 !) - ord p (^ fc;) 



z— 1 z— 1 6=1 



= ELi fc * y sr=i fej) _ ^ fejz gp(fco _ ordp( ^ fei) 

^ i=l * i=\ 

_. n n n 

= — y(E 5 p(**) - 5 *(£ k ^ - orc wE fc ») ^ °- 

" 1=1 «=1 t=l 

In the last inequality we have used Lemma 12.31 □ 



Proposition 3.2. For rational integers m, k\, . . . , k n > smc/i i/iai (j>, m) = 1, we 
have 

(19) -f ^=i fc ' m 

m \fciTO, . . . , fc„m, 

Proof. Because (p,m) = 1, we have ord p (m) = 0. So we have 



ord.1 U. K-* \\.*l(± S2*w 



p \m\kim,...,k n mJ J P \ m ]Xi = i{hm)\ 

n n 

= ordp((y^ hm)\) - y^ord p ((fcjm)!) - ord p (ra) 

»=1 i=l 

X)"=i fc » m ~ ^pCSLi fc ' m ) _ V^ hm — S p (kjm) 

p — i 4-t p — i 

1 n n 

= r(y^ S p {k l m) - 5 P (E fc » m )) 

^ j=l »=1 

to 

> ord p (^ fc,m) — nhn{ordp(fcim)}™ =1 > 0. 

i=l 

In the last inequality we have used Lemma 12.31 □ 

By modifying the proof slightly, we also have 

Proposition 3.3. For rational integers m, k\, . . . , k n > such that (p, m) = 1 and 
(p,ki,...,k n ) = 1} we have 

(20) v-v(, E7=ifc r w 

2^i=i fc i TO \^i TO ' • • • > ^m/ 
Similarly, 

Proposition 3.4. For rational integers k\, . . . , k n > suc/i t/iai (k\, . . . , fc«) = 1, 
we have 

l^i=i k i \kim,...,k n mj 
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Proposition 3.5. For rational integers ki,...,k n > such that J~]j_i k% > 0, if 

all hi 's are divisible by a prime p, then the following inequality holds: 

(22) ° rd 4(EEfef)! ^n^jj >'£k i /p + mm{oTd p (k 1 ),...,ord p (k n )}. 
Proof. First by ([5]) we have 

Secondly, assume ord p (fci) > • • • > ord p (fc„) = r. By Q we have 

P-^^ S =1 .m, M II i)^ 1 ^^ (modp"), 

Therefore, the proof is complete. □ 

Proposition 3.6. for rational integers k\, . . . , k n > smc/j that ^j=i fc « > 0, i/ 
a/Z fe, 's are divisible by a prime p, then we have 

E"=i fc A\ fc i>---;W \ki/p,---,k n /p) J p ' 
Proof. We have 



P I v^ n 



7 ij— i "»t \ V^li ■ • ■ j Kn/ \™l/P) ■ ■ ■ > fcn/P 

M ^ n k n n .k.i rv" k/t,m 11' 



.at** rnuw V(E^ife/p)i fi^/p)!. 

n 
- X! fcj / p + min{ord p (fci), . . . , ord p (fc„)} 
i=l 

+ Er=ifci/p-g P (sr = ifci/p) _ £ fci-gp(fci) _ ordp( £ ki) 

^ i=l P i=l 

1 n n 

= — y(E^)-S P 0>>)) 

^ i=l »=1 

n 

-(ord p (y^fc t ) - +min{ord p (/ci),. . . ,ord p (A:„)}) > 0. 

i=l 

In the last equality we have used Lemma E3l □ 

As a special case, we have the following 
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Proposition 3.7. For rational integers m, ki, ■ ■ . , k n > such that p\m, we have 

(24) ^rV ( (. ELl Y ) - i E ^ hm J P , 

2w=i k i m \ \ k im, ..., k n mj \kim/p, ..., k n m/p; 



1 / mn \ 

m! Vn,...,n/ 



3.2. Congruence properties of -±j( 

Proposition 3.8. For any positive integers to and n, we have 

1 ( ran \ „ 

25 — eZ p . 

to! \n, ...,nj 

Furthermore, when S p (n) > 1, 

1 ( run \ „ 

26 GZ p . 

to • to! \n, . . . ,nj 



Proof. We have 



ordJ^f ^ YUard/ (m " )! 



P V"i! \n,...,nJJ p \m!{n\y 

ord p ((TO,n)!) — ord p (TO!) — TO,ord p (n!) 
mn — S p (mn) m — S p (m) n — S p (n) 

p — 1 p — 1 p — 1 

-{mS p {n) — S p (mn) + S p (m) — to) 



When flf p (n) > 1, 



— (to - S p (m)) ■ {S p (n) - 1) 



ordp 



(— !— -( ) ] > ^— (m-5 p (m))-ordj ) (TO)>0. 

\to • to! \n, . . . ,n/ / p — 1 



D 



Proposition 3.9. Let to and n 6e iwo positive numbers, p a prime, n = p r a, 
(p, a) = 1, r > 1. TTien f/ie following inequality holds: 

( [mp r a)\ ( (p r a)\ 



(27) ° rd ^(^^)! " (,#%; J * m^« + r. 

Proof. By ((5]) we have 

/ (mp r a)! \ r _! 

By @, we have 



(j',p)=l 
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Therefore the proof is complete. □ 

Base on some numerical evidence obtained by Maple calculations, we make the 
following: 

Conjecture 1. Letp be a prime, and let a be a positive integer such that (p, a) = 1, 
r > 1 an integer. Then we have 



(28) ord 



/ {mp r a)\ ( {p r a)\ V"\ j mp r 1 a + 3r — 1, p = 3, 
p \(mp r - 1 a)\ ~ \(p r - 1 a)l) J " 1 mp r - 1 a + 3r, p > 3. 



Proposition 3.10. For any positive integers m and n, if n is divisible by a prime 
p, then we have 

1 ( ( mn \ ( mn/p \ \ 
ml ■ n \ \n, . . . ,nj \n/p, ■ ■ ■ , n/pj J 
Proof. Write n = p r a for a prime p, (p, a) = 1, r > 1, then we have 
/ 1 / / mn \ / mn/p 
p \ m\ ■ n \ \n, . . . , nj \n/p, ■ ■ ■ , n/p 

1 (mp r ~ 1 a)\ f (mp r a)\ f {p r a)\ 



p \m\p r a {(p r a)l) m y(mp r - 1 a)l y(p , — 1 a)\ 

. „i . mp r ~ 1 a — S p (mp r ~ 1 a) p r a — S„(p r a) m — S„(m) 

> (mp a + r) H ■ m r 

p — 1 p— 1 p — 1 

= (mSp(a) — Sptma) — m + S p (m)) > 0. 

p— 1 

D 
3.3. Congruence properties of ^i( k m ^V^ ;)• 

Proposition 3.11. Letk.l be two positive integers, p a prime such that (p, k, I) = 1. 
Then for any positive integer m, we have 

(30) 1 M* + 0) ! e z 

1 ' m! ■ (k + l) m (k\) m ■ (Z!) m v 

Proof. Because (p, k, I) = 1, we have 

min{ordp(fc),ord p (7)} = 0. 
Now we have 

ord ( 1 (m(k + l))\ 

v \m\-{k + l) m {k\) m -{l\) m 

= —— [m(k + 1)- S p (m(k + 0) - m{k - S p (k)) - m(l - S P {1)) 

— (m — Sp(m))] — m ■ ord p (fc + I) 

[mSp(k) + mS p (l) — S p (m(k + I) + S p (m) — m] — m ■ ord p (fc + I) 

(mSp(k) + mS p (l) — Sp(m)S p (k + I) + S p (m) — m) — 7nord p (fc + I) 

> -^y [S p (k) + S p (l) - S p (k + l)) - (p - 1) ■ ord p (fc + 0] ) 
+ (m - S p (m))(S p (k + I) - 1) > 0. 



ordi. ,lT. ,wi;, = ™(* + 0/i>- 
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□ 

Proposition 3.12. Let to, fc and ^ be positive rational integers, k and I are divisible 
by a prime p. Then the following inequality holds: 

( (m(k + l))\ ( A;'/' \ m \ 
(31) 0Tdp { ( m (k + l)/py. -{ (k/p)l(l/ P )l ) )>m(k + l)/p + ord p (k + l), 

whenever p is odd, or p — 2 and m or 1/2 is even. When p — 2, m and 1/2 are odd, 
the following inequality holds: 

, ( (m(k + l))\ ( k\l\ \ m \ ,, n . 

(32) ord2 ( m* +o/2)! - {wmJWJ ) - m{k + m + lj 

Proof. By (|5|) we have: 

(m(k + l))l 
(m(k + l)/p)\ 

Write k + I = p r a, r > 1, (p, a) = 1. Then we have by ([6]): 
-m(k+i)lp [m{k + l))\ _ mp r-i a {mp r a)\ = -pj- 

P {m(k + l)/p)l P {mp r - l a)\ ~ \}.{ r 

On the other hand, 

0ldp {wpy) =k/p ' 0ldp {wy) =l/p - 

Consider P~ nj \\ ■ First write it as a product of I — l/p = (p — 1)1 /p terms, each 
term is a number between l/p = 1 and I with its p factors removed, then rewrite 
each term in the form of p r — x. Modulo p r , one then gets a product of these z's 
up to a sign of (— 1)(p -1 )'/p. It is not hard to see that 

(33) P -^ ■ j^y- P - l/p ■ ^ - (-i) (p - I,,/p ( i< n jr (™ d p r )- 

When p is odd, p — 1 is even so (— l)^" 1 )'/? — i ; w hcn p = 2 and to or 1/2 is even, 
(— 1)™(p -1 )Vp — l. Therefore, under these conditions, we have 

/ M/! \ m / \ mo 

< M > ^" + ""-(ww) s (,n;) <-»">. 

(j,J>)=l 

In the case of p = 2, ^/2 and to are odd, 



(nW M fc + 0) ! _f *!« 



rn-rt 



( TO (*+ 0/2)1 vc*/2)ia/2)i; ;"\Ji^ (modn 

(J,2)=l 

Therefore the proof is complete. □ 

Proposition 3.13. For any positive integers to, k and I, if k and I are divisible 
by a prime p, then we have: 

1 f (m{k + l))\ (m(k + l)/ P y. \ 

[ ' ml-{k + l)\ (Ml\) m {{k/p)\{l/p)\) m J p ' 
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Proof. When p is odd, or p = 2 and m or 1/2 is even, then we have 

1 f{m{k + l))l {m(k + l)/p)l 



rdp \ \-(k + i)\ {k\i\) m ((k/ P y.(i/ P )iy 

1 (m(k + l)/p)l( (m(k + l))\ ( kill 



p \m!-(k + l) (kll\) m \(m{k + l)/p)\ \{k/p)\(l/p)\ 

, /, ,% / i/i inn m(k + l)/p — Sp(m(k + l)/p) 

> (m(k + l)/p + 0T&p(k + l)) + — — ^-^ >JJ - L 

P- 1 

-m fc '^ (fc) - J—Ml m g *»("0 0ldp{k + l) 
p — 1 p — 1 p — 1 

= (mS v (k) + mS v (l) — S v (m(k + I)) — (m — S„(m))) 

p— 1 

-(mS p (k + I) — S p (m)S p (k + 1) — (m — 5 p (m))) 

-^j(m - Sp(m))(5 p (A + - 1) > 0. 



When p = 2 and both m and Z/2 are odd, then we have 

1 f(m(k + l))l {m(k + l)/2)l 



> 



ord2 
ordg 



m\-(k + l)\ {k\l\) m {(k/2)l(l/2)\y 

1 {m(k + l)/2)\f (m(k + l))\ ( kill 



ml-(k + l) (k\l\) m \{m(k + l)/2)\ \{k / 2)\{l / 2)\ 

(m(k + l)j2 + 1) + (m(k + 0/2 - S 2 (m(k + 0/2)) 
-m(k - S 2 (k)) - m(l - S 2 (l)) - (m - S 2 (m)) - ord 2 (fc + 

= mS 2 (k) + mS 2 (l) - S 2 (m{k + I)) - (m - 5 2 (m)) - (ord 2 (fc + /) - 1) 

> m(S 2 (k + l)+ ord 2 (fc + - 1) - S 2 (m)S 2 (k + I) 
-(m-5 2 (m))-(ord 2 (fc + 0-l) 

= (m - S a (m))(5 2 (fc + - 1) + ( m - l)(ord 2 (* + J) - 1) > 0. 



D 



3.4. Congruence properties of I, , r* 2T 1 ; j. 1. )• Weaker versions of 
Proposition ^. 141 and Proposition 13. 151 were conjectured in an earlier version of this 
paper, their proofs are communicated to the author by Hanxiong Zhang and Yinhua 
Ai respectively. The proof of the present results are only slight modifications of their 
proofs. 

Proposition 3.14. For any positive integers ki, . . . , k n and m, we have 

r , fi N (fci,...,fc»r KEtiM! 7 
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Proof. For any prime p we have 

(k l t ...,k n ) m (mEIUM: 



ord, 



p ml • 



m E"=i fc » - ,5 'p( m ELi fc ») _ £"=i( fc » - Spih)) 
p — 1 p — 1 

m — S p (m) 



p-1 



ord p (y^ fcj) + mord p ((fci, . . . , fc n )) 



_. n n 

= -(-5 p (my^fcj) + mff p (y^ fc 4 ) - to + S p (m)) 

P i=\ i=l 

71 

-m(ord p (y^ fc,-) - min{ord p (fci), . . . ,ord p (fc„)}) 

-. n n 

> -(-g p (Tn)5p(y^ fcj) + TO^S , p (fc l ) -m+ S p (m)) 

* i=l i=l 

- m(ord p (^fci)) - min{ord p (fci),. . . ,ord p (fc„)}) 

_. n n 

> —-{-Sp(m)S p (^2 fc + m SpC^2 kj ^ ~ m + Sp( m )) 

P i=l i=l 

1 ™ 

— (to - 5 p (to)) • (S P (J2 h) - 1) > 0. 



P' 



Here in the first inequality we have used Lemma T2. 41 and in the second inequality 
we have used Lemma [231 □ 



Proposition 3.15. For any positive integers to, k\, . . . , k n , then we have: 

1 J p ' mi ■ (Er=ifc,) m lnr=i((Mo m nr=i(^o m y p ' 

Proof. Note 

1 1 f(m£?=iM! (mELlM 



p TO!.(Er=i^) m vnr=i((Mo m n:=i(w) m 

1 1 (mE? =1 hV. f Rp(l)---R P (mY:Uh) 

where 

p-i 

(38) i? p (a) = JJ((«- 1 )P+i)- 

3=1 

Let ord p (fci, . . . ,k n ) = r. By Proposition 13. 141 

1 (m£r =1 fci)i 



(39) ordp l-!-(£r=i^) m Pnr=i(^!r 

So it sufhces to show that 

(40) ord (I ■ ( Mt^M^LlM ] 

( } P U vnr=i(^(i)---^(fc,)) m 
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or equivalently, 

n n 

(41) R p (l)--R p (mJ2k i ) = l[(R P (l)---R P (ki)) m (modp r+1 ). 

t=l i=l 

Now note if a = & (mod p r ), then one has 

(42) i? p (a) = Rp(b) (mod p r+1 ). 
Now we have p r \ki, therefore, 

(43) R p (l)---R p (k t )-(R p (l)---R p (p r )) k '/P r (modp r+l ), 
and so 

n 

(44) Y[(R p (l)---R p (h)r = (R p (l)---R p (p r )) m ^ 1 k>/P r ( mo dp r+1 ); 

i=l 

similarly, 

n 

(45) R p (l)---R p (mY,h) = (R P (l)---R P (p r )) mj: ^ k > /pr (modp r+l ). 

4=1 

This completes the proof. □ 

4. Integrality of Some Power Series 

In this section we establish by Dwork's Lemma the integrality of some formal 
power series related to local mirror maps, using the congruence properties of multi- 
nomial numbers established in last section. 

4.1. Dwork's Lemma. Let p be a prime number. 

Lemma 4.1. Let F(X) = £ i a i X i £ l + XQ p [[X}}. ThenF(X) E l+XZ p [[X}} 
iffF{XP)/F(Xy E l+pXZ p [[X}}. 

Lemma 4.2. [SHI] Let f(X) E XQ p [[X}}. Then eJ^ E l + XZ p [[X]] ifff(XP)- 
P f(X)EpXZ p [[X}}. 

It is straightforward to generalize these lemmas to multivariate case. 

Lemma 4.3. \7\ Let F(X U . . . , X n ) = £ 7 a 7 X 7 E 1 + £™ =1 XiQp[[*U • • • ,-*»]]■ 
Then F{X) E 1 + XZ p [[X]] iff F(XP)/F(X)p E l+pXZ p [[X]}. 

Lemma 4.4. |H] WriteX = X lt . . .,X n . Let /(X) E £" =1 -*iQpP]]. Thene f ^ E 
l + £r=i*iZ P [[X]] ifffW)-Pf&) &PE7=i^Z p [[X}} ; whereXP = X p 1 ,...,XP. 



4.2. Integrality of some formal power series 



Theorem 4.1. Lei / m (x) = ^r Lfeli ferpX' T/lerl orie fta5 ^P/mW e 1 



xZ[[x]\. 

Proof. By Lemma 14.21 it suffices to check that for any prime number p, we have 

f m (x P ) -Pfm(x) EpxZ p [[x}]. 

Equivalently, we need to check 

(46) i( fc , mfc ,>^ whan( fc ,, ) = l, 
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and for (a,p) = 1, r > 1, 

(47) -^ ( r mpra r ) - -r^zr- ( ,- 1 mpr_la ,- 1 ) e z p . 

m\p r L a\p r a,... 1 p r aJ mlp 7 1 a\p r 1 a 1 ...,p r 1 aJ 
They are guaranteed by Proposition 13.81 and Proposition 13.101 respectively. □ 

Theorem 4.2. Let f m (xi,x 2 ) = ± Ek 1+ k 2 >i £fiSJ" fci+ta ' T/lerl orie Aas 
exp/ m (xi,X2) 61 + a;iZ[[a;i,X2]] + ^2Z[[xi,X2]]. 

Proof. It follows from Lemma l4~4l Proposition 13.111 and Proposition 13. 131 □ 

Theorem 4.3. For any positive rational integer n, we have 

( 48 ) «p( E n^kff^f )^[[^-.^]l- 

V fc 1+ ...+fe„>i ll»=iv^-J 2^=i^ / 
Proof. It follows from Lemma POI Proposition 13.11 and Proposition ^. 61 □ 

Theorem 4.4. For any positive rational integers fei, . . . , k n , we have 



( 49 ) ^ E n-1 - £ W 



If we have furthermore, (k\, . . . , k n ) = 1, then we have 



m> 



;nr=i(^)!ELi^ 



Proof. The first assertion follows from Lemma I4~2| Proposition 13 . 21 and Proposition 
13.71 The second assertion follows from Lemma 1431 Proposition ^. 31 and Proposition 
I3~7l D 



Theorem 4.5. For any positive rational integers m and n, we have 

v fci+- -+fe„>i i ^=i y i > ^i=i * / 

Proof It follows from Lemma I4T41 Proposition 13 . 141 and Proposition 13. 151 □ 

5. Integrality of Local Mirror Maps 

In this section we will establish the integrality property of local mirror map for a 
noncompact Calabi-Yau n- manifold under suitable conditions on the charge vectors 
that define it. The reference for this section is [3]- 

5.1. Charge vectors for local Calabi-Yau geometries. Let M be a noncom- 
pact toric Calabi-Yau n,-fold. It can be obtained by symplcctic reduction of some 
torus action on an affine space as follows. Let (C*)^ act on <C N+n as follows: 

(52) (ti,...,t N ) ■ (z , Zl, . . . , ZN+n) = (11 V z 0,---,[[t i N+ " ZN+n-l)- 



The vectors 

(53) ^ = (4 4) ,^ ) ,.-.,^ ) + „-i)^ Ar+n 
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will be referred to as the charge vectors of this torus action. They satisfy the 
Calabi-Yau conditions: 

N+n-l 

(54) Yl ; f = °< i = l,.-.,W. 

3=0 

The noncompact Calabi-Yau n-fold M is realized as C N+n //(C*) N . 

5.2. Picard-Fuchs system and local mirror map. Let ao, ■ ■ • , ajv+n-i be some 
variables and define 



AT+n-l 

I 



M 



(55) Zi = JJ a? , i = 0,l,...,N. 

3=0 

They are understood as local coordinates on the moduli space of complex structure 
on the mirror manifold of M. The extended Picard-Fuch system associated to the 
charge vectors l^\ i = 1, ..., N + n + 1 can be obtained as follows. Consider the 
following system of equations: 

(56) Y[ d% s = 11 d~! 3 s > i = 0,...,N. 

Z< l) >0 lf } <0 

Assume that s = s(zi, . . . , zjv). Then one can rewrite (J56")) as 

11 II ?f^ 

if>0< 

where Ok — Zkd Zk . By the Frobenius method, one gets the following fundamental 
solution: 

N 

(58) w= ]T c(m,f)-n< i+ro % 

mi jv>0 i—1 

where m = (mi, . . . , m jy), r = (ri, . . . , rjv) 5 and 

N+n - 1 r(i + %(/>-)) 



«f iV 






-lj -1 TV 


IKE'f^- 


- <z)s = Zj 


n 


n (E 


o=l fc=0 




Z«<0 


6=0 fc=0 



(59) c(7n,f) = 

J± r(l + fc,(/,r + m)) 

where kj(l,rh) = $3 i=1 lj m i- Note 

(l, m = 0, 

(60) ra+r+x) ' vn: ? (a +I) , .„>». 

It follows that 

{1, fcj^m) = 0. 

i/nS i,f>ra '( fl ^M), ^(U)>o, 

n 6 =o J (-6 + fc,a,f)), fc,(Z,m)<0, 
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and so 



*lfe,((,m)<0 • 

c(ra, r) - 



kj (l.m) , 



U^r^oU^i'ia + k^r)) 

For to — (mi, ...,tojv) G Z+, where Z + is the set of nonnegativc rational 
integers, define 

(61) N(l, m) = \{j\0<j<N + n-l, kj(l, m) < 0}|. 

for any positive rational integer a. We will say the charge vectors / satisfy Condition 
(A) if N(l, fa) = implies m = := (0, . . . , 0). Under this condition one has the 
following solutions to the Picard-Fuch system (j5"7| : 

(62) .go = w|p=o = 1, 

n ^- ri (-l)* ir '* (,,fll) (-*ir (i,m)-l)! , 

(63) 5 W=9 n ^ =0 =log^+ ^ 41 ^ , r ', -^". 

where ,?" = JX i=1 z™' ', and for any to with N(j,fh) = 1, jr - is the only number j 

between and N + n — 1 such that fej(i, to) < 0. 
Note by the Calabi-Yau condition ([54]) . one has 



(64) - k hfi (I, m) = Y^ kj(T,m). 

Also note 

(65) kj(l, a-m)=a- kj(l, to), N(l, a ■ to) = N(l, to), j rai7i = j r?fi , 

for any positive rational integer a. So we can rewrite g\ l as follows: 

(66) „<<> = log * + £ 4L £ (S T C - ^frf. ' " , 1 " ((-l)"^'^^)-. 

' — , i j- (kALra) ■ a)\ 

N(l,in) = l a=1 11 J^Jr.™ v JV ' ' ' 

gcd(rn) — 1 

We will say the charge vectors I satisfy Condition (B) if for every to such that 
N{1, fa) = 1 and gcd(?7i) = 1 one has 

(67) gcd{kj{l,m)}j= 0t ...,N+n-i = 1- 
The local mirror map is defined by 

(68) g< = exp(fl£Vflb), i = l,...,N. 

Theorem 5.1. Let I be charge vectors that satisfy Condition (A) and Condition 
(B), then the associated local mirror map are given by integral series: 

(69) q i ez i Z[[z 1 ,...,z N ]}, i = l,...,N. 

Proof. This is a straightforward consequence of (|66|) and Theorem 14.41 □ 
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6. Integrality of Local Open-Closed Mirror Maps 

In this section wc will establish the integrality property of the local open-closed 
mirror map for suitable brane geometry of noncompact Calabi-Yau n-manifold un- 
der suitable conditions on the charge vectors that define it, based on the results in 
the preceding two sections. The references for this section are p~3] , I10 J . 



6.1. Charge vectors for D-branes in local Calabi-Yau geometries. One can 

also use charge vectors to describe some D-branes in local Calabi-Yau geometries. 
The charge vectors 

(70) L« = (# ) ,# ) ,...,$ ) + „_ 1 ,0,0), i = l,...,N, 

(71) LW = (1,-1,0,..., 0,-1,1) 
describe an outer brane in M, while the charge vectors 

(72) L«=LW, i = 2,...,N, 

(73) L^=L^+L i0 \ 

(74) £(°) = -X(°) = (-1, 1, 0, . . . , 0, 1, -1) 

describe an inner brane. One can also consider other charge vectors, for example, 
take any nonempty subset A of {1, ... , iV}, define L A — —V$> and for i = 1, . . . , N 

v ; A (iW+l(°), i€A. 

The charge vectors La = {L A , ■ • ■ j L A ) should describe other phases of the inner 
brane geometry. The discussions below can be carried out also for such charge 
vectors. We leave the details to the reader. 

These charge vectors also describe noncompact Calabi-Yau (n + l)-folds. This 
is a special case of the open-closed string duality [T3] . 

6.2. Extended Picard-Fuchs system and open-closed mirror map. We will 
write LW = {L%\. . . , L%\ n+l ) and L^ = {L ( g\ . . . , L$ +n+1 ). Let a , ■ . ■ , a N+n+2 
be some variables and define 

N+n+l (i) 

(76) Z t = H a^ , i = 0,l,...,N 
and 

N+n+l » w 

(77) Zi= H ap , i = 0,l,...,N. 

3=0 

They are local coordinates on the D-brane moduli space. It is clear that 

(78) Zi = Zi, i = l,...,N. 
Furthermore, 

(79) Zi = Z t , i = 2,...,N, 

(80) Zo = -^, Z 1 = Z Z 1 . 
In the following wc will write Zi as Zi and Zi as Si. 
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The extended Picard-Fuch system associated to the charge vectors Ia 1 ', i = 0, 1, 
. . . , N+n+1 can be obtained as follows. Consider the following system of equations: 

(8i) n d *f s = n d ~^ ' 5 > i=o,...,N. 

Assume that S = S(zq, z\, . . . , Zjv)- Then one can rewrite (|81|) as 
if jv -lJ'J-i jv 

( 82 ) n iie 2 ^* -«)*=*• n n (E^*-*)* 

i (i) >0 a=l fc=0 L (i) <0 6=0 fe=0 

By the Frobenius method, one gets the following fundamental solution: 

(83) n= Y. C(M,R)-Z M+a , 

«lO,...,N>0 

where M = (m ,mi, . . . ,m N ), R = (r ,n, . . . ,r N ), Z R+M = Y[^ =0 z r t i+mt , and 

(84) C(M,R) = N+ n +1 W + *>&*» 



(85) 



J= o T(l + k j (L,R + M)) 

n kj{ LXi)<o^=o {EXl) ^(- b + k ^^ 
n fcj( £ 3 7 ) >on«i ( P ) («+%(i^)) 



where k } {L, M) = Yh=o L j m i- 

Assume that L satisfies Condition (A). Then one has the following solutions to 
the Picard-Fuch system ([82]) : 

Go = ^% =0 = 1, 

The local open-closed mirror map is defined by 

(86) Q t = exp{G^ /G ), i = 0,l,...,JV. 
Similar things can be done the inner brane case. It is easy to see that 

(87) Qo = i, Qi = QoQi, Qi = Qi,i = 2,...,N. 

Qo 

Theorem 6.1. If the charge vectors L describing an outer brane geometry in a toric 
Calabi-Yau n-fold satisfy Condition (A) and Condition (B), then the associated local 
open-closed mirror map are given by integral series: 

Q % e ZjZ[[z ,Zi,...,2jv]]) i = 0,1,..., JV. 



Similarly, if the charge vectors L describing an inner brane geometry in a toric 
Calabi-Yau n-fold satisfy Condition (A) and Condition (B), then the associated 
local open-closed mirror map are given by integral series: 

(89) Qi<=ZiZ[[zo,zi,...,z N }], i = 0,l,...,JV. 

For examples, see [101 Appendix A]. 
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6.3. Integrality properties of the inverse series. We will also establish the 
integrality property of the inverse local open-closed mirror maps by the following 
easy observation: 



Lemma 6.1. Suppose that 
(90) Zi = Zi - 



„(>) y" 1 ! . . . y m n 

"mo,..., "in n 



m H h»Tln>l 

are formal power series in Z[[zo, . . . , z n ]] for i = 0, . . . , n. Then one can find their 
formal inverse series of the form: 



E,(i) 7"ii . . . prm„ 



J niQ,...,m n ^0 



(91) Zi = Zi + 

m H f-m»>l 

in Z,[[zq, . . . , z n ]} for i = 0, . . . , n. 

Furthermore, one can find the inverse series explicitly using the following: 

Lemma 6.2. Suppose that for i = 0, 1, . . . , n, Zi = ^e^ 20 '"' 2 ™) for some analytic 
function fi(zo, . . . , z n ) such that /j(0, ...,0) = 0. Then there is an inverse map 



of the form z % = Z % + J2 mo 
coefficient of J]™ =0 



\W 



n rrij—Sij . 

3=0 Z i 



H hm„>0 Um 0,---,"i re ^0 



77710 7m 



Z" ln , where b 



(>) 



is the 



(92) exp(-^2mjfj(z ,...,z n )) 

3=0 



1 + #o/o <?o/l ' • • 9ofn 

0lfo 1 + #l/l • • • #l/n 

Onfo 6-nfl ■ ■ ■ 1 + n fn 



Proof This is a special case of the Lagrangc-Good inversion formula [S]. First of 
all. wc have 



dZ A • • • A dZ n 



e 5Z"=o /i( z »^-' z ") 



1 + Safo Qo fi 
Sifo 1 + 0ifi 

Snfo dnfl 



&ofn 
01 fn 



1 + n fr 



dzQ A • • • A dz n 



Therefore, 



6 (0 



m ,...,m„ - rcs Zo=0 • resz„=o +1 



■^77. 



1 



(27u) n+1 



nn ^771 
.7=0 X . 



-^j-dZo A • ■ • A dZ„ 



(2ttz) 



I^+T f • ' • f 7^ mj+i-ft ■ CX P(~ £ m ^0o, ■ ■ ■ , z«)) 

')•>•> 11, = Z 7 7 = 



1 + ^o/o 

0i/o 


Boh ■ 

l + 0ifi ■ 


00 fn 

&1 fn 


■ dzo A • 


• A dz n 


&nfo 


Onfl 


1 + 0nfn 
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Remark 6.1. A particular case is when /j's are only functions of z\, . . . , z n - Then 
(l92l) becomes 



(93) exp(-^2mjfj(zi,...,z n )) 

3=0 



l + difi Z J 2 



7n./l ^n/2 



L./» 



1 + #n/n 



If follows that for i = 1, . . . , n, b 

in 






is i5 m0j o times the coefficient of J7 . 1 



mj-Si, 



j=\ % 



(94) 



exp(-^m 3 / 3 ) 



1 + Oifi 9 Zl f 2 



%ifl Qn!l 



1 + Onfn 



,w 



and b ma ,...,m n is 5 m0l i times the coefficient of z™ 1 • • ■ z™ n in 

l + ^i/i ^/ 2 ••• 



6l fn 



(95) exp(-/o-^m J / J ) 

fl -i/l ^n/2 • ■ ■ 1 + #n/rc 

6.4. Superpotential functions and integrality properties of the local mir- 
ror curve. In the outer brane case described by charge vectors L, take the super- 
potential to be the following part of | d^ il\g_ : 

(-l) fe i( £ ' Al )+ m «(-fc 1 (Z,M) - 1)! 



(96) W 



E 



(M 



mo>0,fci(L,M)<0 

fcj(L,A/)>0,j=0,2,...,A r +n-l 



m ' Ilo<j<iV+n-l,^l kj{L,M)\ 



The n = 3 case can be found in |101 (3.9)]. Similarly, in the inner brane case 
described by charge vectors L, take the superpotential to be following part of 
■if? 2 £71 - • 



(97) W 



E 



(_l)fci(£,M)+™o-mi(- feo (£, M) - i)! g^ 



(mo-mi)-n;=i *i(AAf) 



m #mi,fc o (i,M)<0 
fej(i,M)>0,j=l,...,JV+n-l 

Examples of the n = 3 case can be found in |T0j Apeendix A] . Note we have 

{-l) k ^ E ^+ mo (-ki{L,M) - 1)! 9 



<W 



E 



M 



m >0,k 1 (L,M)<0 

kj(L,M)>0,j=0,2,...,N+n-l 



% - e x )w = 



E 



Ilo<j<N+n-l,j^l k A L ' M V- 
(_l)*i(^.^+mo-mi(_^,(f ^) _ 1)1 



m #mi,fe (i,M)<0 
fe J (£,M)>0,j'=l,...,JV+n-l 

Therefore, similar to Theorem 16. II we have: 



ufJT'k^My. 



■ z 



M 



Theorem 6.2. If the charge vectors L describing an outer brane geometry in a 
toric Calabi-Yau n-fold, then one has: 

(98) exp(-0 o WO e Z[[zq, zi, . . . , z N }}. 
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Similarly, if the charge vectors L describing an inner brane geometry in a toric 
Calabi- Yau n-fold, then one has: 

(99) exp(-(0 o - h)W) e Z[[2 0) h, • • • , 2jv]]. 

For examples, see |T0l Appendix A]. According to [?, ?], y = exp(— #oQ) gives 
the equation of the local mirror curve. We will clarify the geometric meaning of 
exp(— (#o — d\)W) in a forthcoming paper [16]. 
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